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ON HOMOGENEOUS CONTACT 3-MANIFOLDS
INOGUCHI, JUN-ICHI
Dedicated to professor Kouei Sekigawa on his retirement of Niigata University
Abstract. The generalised Tanaka-Webster connections of homoge-
neous contact 3-manifolds are investigated.
Introduction
In this short note, we calculate the generalised Tanaka-Webster connec-
tions and pseudohermitian curvatures of homogeneous contact 3-manifolds.
We assume that all manifolds and Lie groups are smooth and connected.
1. Preliminaries
Let M be a manifold and η a 1-form on M . Then the exterior derivative
dη is defined by
2dη(X,Y ) = X(η(Y ))− Y (η(X))− η([X,Y ]), X, Y ∈ X(M).
Here X(M) denotes the Lie algebra of all smooth vector fields on M .
Now let (M, g) be a Riemannian manifold with its Levi-Civita connection
∇. Then the Riemannian curvature R of M is defined by
R(X,Y ) = [∇X ,∇Y ]−∇[X,Y ].
On a Riemannian manifold (M, g), We define a curvaturelike tensor field
(X,Y, Z) 7−→ (X ∧ Y )Z on M by
(X ∧ Y )Z = g(Y, Z)X − g(Z,X)Y.
A Riemannian manifold (M, g) is of constant curvature c if and only if its
Riemannian curvature R satisfies R(X,Y ) = c(X∧Y ) for all X, Y ∈ X(M).
2. Contact 3-manifolds
2.1. Let M be a 3-dimensional manifold. A contact form is a 1-form η
which satisfies dη ∧ η 6= 0 on M .
A plane field D ⊂ TM with rank 2 is said to be a contact structure
on M if for any point p ∈ M , there exists a contact form η defined on a
neighbourhood Up of p such that Ker η = D on Up.
A 3-manifold M together with a contact structure is called a contact
3-manifold.
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In this note we assume that there exists a globally defined contact form
η which annihilates D, i.e., Ker η = D. Moreover we fix a contact form η
on M .
On a contact manifold (M,η) with a fixed contact form η, there exists a
unique vector field ξ such that
η(ξ) = 1, dη(ξ, ·) = 0.
The vector field ξ is called the Reeb vector field of (M,η). Note that ξ is tra-
ditionally called the characteristic vector field ofM in analytical mechanics.
Moreover, (M,η) admits a Riemannian metric g and an endomorphism field
ϕ such that
ϕ2 = −I + η ⊗ ξ, ϕξ = 0,
g(ϕX,ϕY ) = g(X,Y )− η(X)η(Y ), dη = Φ,
where Φ is a 2-form
Φ(X,Y ) = g(X,ϕY ).
The structure (ϕ, ξ, η, g) is called a contact Riemannian structure of M
associated to the contact form η. A contact 3-manifold (M,η) together with
its associated contact Riemannian structure is called a contact Riemannian
3-manifold and denoted by (M,ϕ, ξ, η, g).
Let M = (M,ϕ, ξ, η, g) be a contact Riemannian 3-manifold, then M
satisfies ([23]):
(∇Xϕ)Y = (ξ ∧ (I + h)X)Y, X, Y ∈ X(M).
Here the endomorphism field h is defined by
hX =
1
2
(£ξϕ)X =
1
2
{[ξ, ϕX]− ϕ[ξ, x]}.
The Webster curvature W of a contact Riemannian 3-manifold M is de-
fined by
W =
1
8
(s− ρ(ξ, ξ) + 4).
Here ρ is the Ricci tensor and s is the scalar curvature of M , respectively.
The torsion invariant of M introduced by Chern and Hamilton [2] is the
square norm |τ |2 of τ = £ξg. The torsion invariant is computed as
|τ |2 = −2ρ(ξ, ξ) + 4.
Definition 1. Let (M,ϕ, ξ, η, g) be a contact Riemannian 3-manifold. A
tangent plane Πx at x ∈M is said to be holomorphic if it is invariant under
ϕx.
It is easy to see that a tangent plane Πx is holomorphic if and only if ξx is
orthogonal to Πx. The sectional curvature Hx := K(Πx) of a holomorphic
plane Πx is called the holomorphic sectional curvature of M at x.
Definition 2. A contact Riemannian 3-manifold is said to be a contact
(κ, µ)-space if there exist real constants κ and µ such that
R(X,Y )ξ = (κI + µh)(X ∧ Y )ξ, X, Y ∈ X(M).
Definition 3. A contact Riemannian 3-manifold is said to be a Sasakian
3-manifold if h = 0.
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Proposition 1. A contact Riemannian 3-manifold is Sasakian if and only
if τ = 0.
Proposition 2. A Sasakian 3-manifold is a contact (κ, µ)-space with κ = 1
and h = 0.
Definition 4. A complete Sasakian 3-manifold M is said to be a Sasakian
space form if it is of constant holomorphic sectional curvature.
2.2. Let M be a contact Riemannian 3-manifold. We define a tensor field
ρ∗ on M by
ρ∗(X,Y ) :=
1
2
traceR(X,ϕY )ϕ.
One can see that ρ∗(X, ξ) = 0 for all X ∈ X(M). Next we denote by ρϕ the
symmetric part of ρ∗, that is,
ρϕ(X,Y ) =
1
2
{ρ∗(X,Y ) + ρ∗(Y,X)}.
We call ρϕ the ϕ-Ricci tensor field of M [9].
Definition 5. A contact Riemannian 3-manifold M is said to be a weakly
ϕ-Einstein manifold if
ρϕ(X,Y ) = λgϕ(X,Y ), X, Y ∈ (M)
for some function λ. Here the symmetric tensor field gϕ is defined by
gϕ(X,Y ) = g(ϕX,ϕY ), X, Y ∈ X(M).
When λ is a constant, then M is said to be a ϕ-Einstein manifold. The
function sϕ = trace ρϕ is called the ϕ-scalar curvature of M .
Remark 1. A contact Riemannian 3-manifold M is said to be weakly ∗-
Einstein if
ρ∗(X,Y ) = λg(X,Y ), X, Y ∈ D
for some function λ. The function s∗ = trace ρ∗ is called the ∗-scalar curva-
ture of M . A weakly ∗-Einstein manifold of constant ∗-scalar curvature is
called a ∗-Einstein manifold. Clearly sϕ = s∗.
On a contact Riemannian 3-manifold M , one can introduce a linear con-
nection ∇ˆ = ∇+A by ([3]–[5],[21], [27]):
(1) A(X)Y = η(X)ϕY + η(Y )ϕ(I + h)X − g(ϕ(I + h)X,Y )ξ.
The linear connection ∇ˆ is called the generalised Tanaka-Webster connec-
tion.
Definition 6. Let (M,ϕ, ξ, η, g) be a contact Riemannian 3-manifold with
generalised Tanaka-Webster connection. Denote by Rˆ the curvature tensor
field of ∇ˆ. Take a unit vector X ∈ TxM orthogonal to ξx. Then
Hˆ := g(Rˆ(X,ϕX)ϕX,X)
is called the pseudohermitian curvature of M at x.
Let us denote by Γ (D) the space of all sections of the contact structure
D. Then the restriction J := ϕ|D of ϕ to Γ (D) satisfies J2 = −identity.
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Definition 7. (cf. [15], [20]) Let (M,ϕ, ξ, η, g) be a contact Riemannian
3-manifold with generalised Tanaka-Webster connection. Then the pseudo-
Ricci tensor field ρˆJ of M is defined by
ρˆJ(X,Y ) :=
1
2
tr J Rˆ(X, JY ), X, Y ∈ Γ (D).
A contact Riemannian 3-manifold M is said to be pseudo-Einstein if there
exists a constant λ such that ρˆJ = λgD, where gD is the restriction of g to
Γ (D)× Γ (D).
Definition 8. A diffeomorphism f on a contact 3-manifold (M,η) is said to
be a contact transformation if f preserves the contact structure D = Ker η.
In particular, a contact transformation f is said to be a strictly contact
transformation if f preserves η, i.e., f∗η = η.
Definition 9. A contact Riemannian 3-manifold M = (M,ϕ, ξ, η, g) is said
to be a homogeneous contact Riemannian 3-manifold if there exists a Lie
group H of isometries which acts transitively on M such that every element
of H is a strictly contact transformation.
Here we recall the following result due to Tanno [22].
Lemma 1. Let M be a contact Riemannian 3-manifold and f a diffeomor-
phism on M . If f is ϕ-holomorphic, i.e., df ◦ ϕ = ϕ ◦ df , then there exists
a positive constant a such that
f∗ξ = aξ, f∗η = aη, f∗g = ag + a(a− 1)η ⊗ η.
This Lemma implies that every ϕ-holomorphic isometry is a strict contact
transformation.
By virtue of a result of Sekigawa [19], Perrone obtained the following
classification.
Theorem 1 ([18]). Let M be a simply connected homogeneous contact Rie-
mannian 3-manifold, then M is a Lie group equipped with left invariant
contact Riemannian structure.
3. Three dimensional Lie groups
Let G be a Lie group with a Lie algebra g and a left invariant Riemannian
metric 〈·, ·〉. Then the Levi-Civita connection ∇ of (G, 〈·, ·〉) is described by
the Koszul formula:
2〈∇XY, Z〉 = −〈X, [Y, Z]〉+ 〈Y, [Z,X]〉+ 〈Z, [X,Y ]〉, X, Y, Z ∈ g.
Let us define a symmetric bilinear map U : g× g→ g by
(2) 2〈U(X,Y ), Z〉 = 〈X, [Z, Y ]〉+ 〈Y, [Z,X]〉
and call it the natural-reducibility obstruction of (G, 〈·, ·〉). One can see that
the metric g is right-invariant if and only if U = 0.
A Lie group G is said to be unimodular if its left invariant Haar measure
is right invariant. J. Milnor gave an infinitesimal reformulation of unimod-
ularity for 3-dimensional Lie groups. We recall it briefly here.
Let g be a 3-dimensional oriented Lie algebra with an inner product 〈·, ·〉.
Denote by × the vector product operation of the oriented inner product space
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(g, 〈·, ·〉). The vector product operation is a skew-symmetric bilinear map
× : g× g→ g which is uniquely determined by the following conditions:
(i) 〈X,X × Y 〉 = 〈Y,X × Y 〉 = 0,
(ii) |X × Y |2 = 〈X,X〉〈Y, Y 〉 − 〈X,Y 〉2,
(iii) if X and Y are linearly independent, then det(X,Y,X × Y ) > 0,
for all X,Y ∈ g. On the other hand, the Lie-bracket [·, ·] : g × g → g is
a skew-symmetric bilinear map. Comparing these two operations, we get a
linear endomorphism Lg which is uniquely determined by the formula
[X,Y ] = Lg(X × Y ), X, Y ∈ g.
Now let G be an oriented 3-dimensional Lie group equipped with a left
invariant Riemannian metric. Then the metric induces an inner product on
the Lie algebra g. With respect to the orientation on g induced from G, the
endomorphism field Lg is uniquely determined. The unimodularity of G is
characterised as follows.
Proposition 3. ([16]) Let G be an oriented 3-dimensional Lie group with a
left invariant Riemannian metric. Then G is unimodular if and only if the
endomorphism Lg is self-adjoint with respect to the metric.
4. Unimodular Lie groups
4.1. Let G be a 3-dimensional unimodular Lie group with a left invariant
metric 〈·, ·〉. Then there exists an orthonormal basis {e1, e2, e3} of the Lie
algebra g such that
(3) [e1, e2] = c3e3, [e2, e3] = c1e1, [e3, e1] = c2e2, ci ∈ R.
Three-dimensional unimodular Lie groups are classified by Milnor as fol-
lows:
Signature of (c1, c2, c3) Simply connected Lie group Property
(+,+,+) SU(2) compact and simple
(−,−,+) S˜L2R non-compact and simple
(0,+,+) E˜(2) solvable
(0,−,+) E(1, 1) solvable
(0, 0,+) Heisenberg group Nil3 nilpotent
(0, 0, 0) (R3,+) Abelian
To describe the Levi-Civita connection ∇ of G, we introduce the following
constants:
µi =
1
2
(c1 + c2 + c3)− ci.
Proposition 4. The Levi-Civita connection is given by
∇e1e1 = 0, ∇e1e2 = µ1e3, ∇e1e3 = −µ1e2
∇e2e1 = −µ2e3, ∇e2e2 = 0, ∇e2e3 = µ2e1
∇e3e1 = µ3e2, ∇e3e2 = −µ3e1 ∇e3e3 = 0.
The Riemannian curvature R is given by
R(e1, e2)e1 = (µ1µ2 − c3µ3)e2, R(e1, e2)e2 = −(µ1µ2 − c3µ3)e1,
R(e2, e3)e2 = (µ2µ3 − c1µ1)e3, R(e2, e3)e3 = −(µ2µ3 − c1µ1)e2,
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R(e1, e3)e1 = (µ3µ1 − c2µ2)e3, R(e1, e3)e3 = −(µ3µ1 − c2µ2)e1.
The basis {e1, e2, e3} diagonalises the Ricci tensor. The principal Ricci
curvatures are given by
ρ1 = 2µ2µ3, ρ2 = 2µ1µ3, ρ3 = 2µ1µ2.
The natural-reducibility obstruction U is given by
U(e1, e2) =
1
2
(−c1+c2)e3, U(e1, e3) = 12(c1−c3)e2, U(e2, e3) =
1
2
(−c2+c3)e1.
4.2. According to a result due to Perrone, simply connected homogeneous
contact Riemannian 3-manifolds are classified by the Webster scalar curva-
ture W and the torsion invariant |τ |2 as follows:
Theorem 2. Let (M3, ϕ, ξ, η, g) be a simply connected homogeneous contact
Riemannian 3-manifold. Then M is a Lie group G together with a left
invariant contact Riemannian structure (ϕ, ξ, η, g). If G is unimodular, then
G is one of the following;
(1) the Heisenberg group Nil3 if W = |τ | = 0.
(2) SU(2) if 4
√
2W > |τ |.
(3) E˜(2) if 4
√
2W = |τ | > 0.
(4) S˜L2R if −|τ | 6= 4
√
2W < |τ |.
(5) E(1, 1) if 4
√
2W = −|τ | < 0.
The Lie algebra g of G is generated by an orthonormal basis {e1, e2, e3}
as in (3) with c3 = 2. The left invariant contact Riemannian structure is
determined by
ξ = e3, ϕe1 = e2, ϕe2 = −e1, ϕξ = 0.
Proposition 5. The endomorphism field h, the Webster scalar curvature
and the torsion invariant of a unimodular Lie group G equipped with a left
invariant homogeneous contact Riemannian structure are given by
he1 = −12(c1 − c2)e1, he2 =
1
2
(c1 − c2)e2.
W =
1
4
(c1 + c2), |τ |2 = (c1 − c2)2.
The holomorphic sectional curvature of G is
H = −3 + 1
4
(c1 − c2)2 + c1 + c2.
Corollary 1. If a unimodular Lie group G is non-Sasakian, i.e., c1 6= c2,
then G is a (κ, µ)-space with
κ = 1− 1
4
(c1 − c2)2, µ = 2− (c1 + c2).
Proposition 6. The ϕ-Ricci tensor field of a unimodular Lie group G is
given by
ρϕ11 = ρ
ϕ
22 = H, ρ
ϕ
ij = 0 for other i, j.
Hence G is ϕ-Einstein.
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4.3. Next we study the Tanaka-Webster connection of a unimodular Lie
group G.
Proposition 7. ([5, p. 490]) The generalised Tanaka-Webster connection
∇ˆ of a unimodular Lie group G is given by
∇ˆe3e1 =
1
2
(c1 + c2)e2, ∇ˆe3e2 = −
1
2
(c1 + c2)e1, all other ∇ˆeiej = 0.
From this table, the torsion Tˆ of the generalised Tanaka-Webster connec-
tion is computed as
Tˆ (e1, e2) = −2ξ, Tˆ (e1, e3) = −12(c1 − c2)e2, Tˆ (e2, e3) = −
1
2
(c1 − c2)e1.
The curvature Rˆ of ∇ˆ is given by
Rˆ(e1, e2)e1 = −(c1+c2)e2, Rˆ(e1, e2)e2 = (c1+c2)e1, all other Rˆ(ei, ej)ek = 0.
Hence the pseudohermitian curvature of G is Hˆ = c1 + c2.
Proposition 8. The pseudo-Ricci tensor field of a unimodular Lie group G
is given by
ρˆJ11 = ρˆ
J
22 = Hˆ = c1 + c2, ρˆ
J
12 = ρˆ
J
21 = 0.
Hence G is pseudo-Einstein.
Example 1. (G = SU(2)) In this case, all structure constants are positive.
Hence SU(2) has positive pseudohermitian curvature Hˆ. It is known that G
is Sasakian if and only if c1 = c2 > 0. In such a case, G is a Sasakian space
form of constant holomorphic sectional curvature 2c1 − 3. In particular, G
is the unit 3-sphere S3 if and only if c1 = c2 = 2.
Proposition 9. The Sasakian space form SU(2) of constant holomorphic
sectional curvature H = 2c1−3 has pseudohermitian curvature Hˆ = H+3 =
2c1 > 0. In particular, S3 has Hˆ = 4.
Example 2. (G = S˜L2R) Without loss of generality we may assume that
c1 ≤ c2 < 0 < c3 = 2. Hence G has negative pseudohermitian curvature
Hˆ = c1 + c2.
Under this assumption, G is Sasakian if and only if c1 = c2 < 0. In case
G is Sasakian, Hˆ = 2c1 < 0. On the other hand, H = 2c1 − 3 < −3.
Proposition 10. The Sasakian space form G = S˜L2R of constant holo-
morphic sectional curvature H = 2c1 − 3 has pseudohermitian curvature
Hˆ = H + 3 = 2c1 < 0.
Example 3. (G = E˜(2) or E(1, 1)) If c1 = 0, then we have Hˆ = c2. Hence
E˜(2) has positive pseudohermitian curvature Hˆ. The flat metric of E˜(2)
corresponds to the case (c1, c2) = (0, 2). Hence flat E˜(2) has pseudohermi-
tian curvature c1+ c2 = 2 6= H+3. On the other hand, E(1, 1) has negative
pseudohermitian curvature Hˆ = c2 < 0. In particular, the space Sol has
pseudohermitian curvature −2. Note that Sol has H = −4. Hence Sol does
not satisfy Hˆ = H + 3.
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Proposition 11. The universal covering G = E˜(2) of the Euclidean mo-
tion group E(2) has positive pseudohermitian curvature Hˆ = c2 > 0. The
Minkowski motion group E(1, 1) has negative pseudohermitian curvature
c2 < 0. In particular, the model space Sol of solvegeometry has pseudo-
hermitian curvature −2.
Example 4. (G = Nil3) If G is the Heisenberg group, then c1 = c2 = 0.
Thus Hˆ = 0. In this case, Hˆ = H + 3 holds.
Proposition 12. The Sasakian space form G = Nil3 is pseudohermitian
flat, i.e., Hˆ = 0.
5. Non-unimodular Lie groups
5.1. Let G be a Lie group with Lie algebra g. Denote by ad the adjoint
representation of g,
ad : g→ End(g); ad(X)Y = [X,Y ].
Then one can see that tr ad;
X 7−→ tr ad(X)
is a Lie algebra homomorphism into the commutative Lie algebra R. The
kernel
u = {X ∈ g | tr ad(X) = 0}
of tr ad is an ideal of g which contains the ideal [g, g].
Now we equip a left invariant Riemannian metric 〈·, ·〉 on G. Denote
by u the orthogonal complement of u in g with respect to 〈·, ·〉. Then the
homomorphism theorem implies that dim u⊥ = dim g/u ≤ 1.
The following criterion for unimodularity is known (see [16, p. 317]).
Lemma 2. A Lie group G with a left invariant metric is unimodular if and
only if u = g.
Based on this criterion, the ideal u is called the unimodular kernel of g. In
particular, for a 3-dimensional non-unimodular Lie group G, its unimodular
kernel u is commutative and of 2-dimension.
5.2. Now let us consider 3-dimensional non-unimodular Lie groups equipped
with left invariant contact Riemannian structure. Here we recall Perrone’s
construction [18].
LetG be a 3-dimensional non-unimodular homogeneous contact Riemann-
ian manifold. Then one can easily check that ξ ∈ u. We take an orthonormal
basis {e2, e3 = ξ} of u. Then e1 = −ϕe2 ∈ u⊥ and hence ad(e1) preserves u.
Express ad(e1) as
[e1, e2] = αe2 + βe3, [e1, e3] = γe2 + δe3
over u. The compatibility condition dη = Φ implies that β = 2. Next,
∇ξξ = 0 implies that δ = 0. Moreover one can deduce that [e2, e3] = 0 from
the Jacobi identity.
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Remark 2. Milnor [16] chose the following orthonormal basis {u1, u2, u3} for
a non-unimodular Lie group G with left invariant Riemannian metric.
u1 ∈ u⊥, 〈ad(u1)u2, ad(u1)u3〉 = 0.
This orthonormal basis {u1, u2, u3} satisfies
[u1, u2] = αu2 + βu3, [u2, u3] = 0, [u1, u3] = γu2 + δu3
with α + δ 6= 0 and αγ + βδ = 0. Moreover {u1, u2, u3} diagonalises the
Ricci tensor. On the other hand, the basis {e1, e2, e3} constructed for a non-
unimodular homogeneous contact Riemannian 3-manifold G does not satisfy
the orthogonality condition 〈ad(u1)u2, ad(u1)u3〉 = 0. In fact, {e1, e2, e3}
satisfies this orthogonality condition if and only if γ = 0.
Theorem 3 ([18]). Let G be a 3-dimensional non-unimodular Lie group
equipped with a left invariant contact Riemannian structure. Then the Lie
algebra g satisfies the commutation relations
[e1, e2] = αe2 + 2e3, [e2, e3] = 0, [e3, e1] = −γe2,
with e3 = ξ, e1 = −ϕe2 ∈ u⊥ and α 6= 0. The Webster scalar curvature and
the torsion invariant satisfy the relation:
4
√
2W < |τ |.
The Levi-Civita connection of G is given by the following table:
Proposition 13. ([18, p. 251])
∇e1e1 = 0, ∇e1e2 = −12(γ − 2)e3, ∇e1e3 = 12(γ − 2)e2
∇e2e1 = −αe2 − 12(γ + 2)e3, ∇e2e2 = αe1, ∇e2e3 = 12(γ + 2)e1
∇e3e1 = −12(γ + 2)e2, ∇e3e2 = 12(γ + 2)e1 ∇e3e3 = 0.
The endomorphism field h is given by
he1 = −12γe1, he2 =
1
2
γe2.
The Riemannian curvature R is given by
R(e1, e2)e1 = −
{
1
4
(γ2 − 4γ − 12)− α2
}
e2 + αγe3,
R(e1, e2)e2 =
{
1
4
(γ2 − 4γ − 12)− α2
}
e1,
R(e1, e3)e1 = αγe2 +
1
4
(3γ2 + 4γ − 4)e3,
R(e1, e3)e3 = −14(3γ
2 + 4γ − 4)e1,
R(e2, e3)e2 = −14(γ + 2)
2e3,
R(e2, e3)e3 =
1
4
(γ + 2)2e2,
R(e1, e2)e3 = −αγe1.
H = K12 =
1
4
(γ2−4γ−12)−α2, K13 = −14(3γ
2+4γ−4), K23 = 14(γ+2)
2.
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The Ricci curvatures are given by
ρ11 = −α2− 2− 2γ− γ
2
2
, ρ22 = −α2− 2+ γ
2
2
, ρ33 = 2− γ
2
2
, ρ23 = −αγ.
The natural-reducibility obstruction U is given by
U(e1, e2) = −12(αe2 + γe3), U(e1, e3) = −e2,
U(e2, e2) = αe1, U(e2, e3) =
1
2
(γ + 2)e1.
The Lie algebra g is classified by the Milnor’s invariant D = −8γ/α2.
By using this table, the ϕ-Ricci tensor field is computed as
ρϕ11 = ρ
ϕ
22 = H =
1
4
(γ2 − 4γ − 12)− α2, ρϕ31 = 0, ρϕ32 = −
1
2
αγ.
Hence G is ∗-Einstein. In particular, G is ϕ-Einstein if and only if γ = 0.
As we saw in [18], G satisfies γ = 0 if and only if it is isometric to a Sasakian
space form S˜L2R of constant holomorphic sectional curvature −3−α2 < −3.
Note that G with γ = 0 is not isomorphic to S˜L2R as a Lie group.
Proposition 14. Let G be a simply connected non-unimodular Lie group
equipped with a left invariant contact Riemannian structure. Then the fol-
lowing three conditions are mutually equivalent:
• G satisfies γ = 0.
• G is Sasakian. In this case, G is a Sasakian space form of constant
holomorphic sectional curvature −3− α2 < −3.
• G is pseudo-symmetric, that is, at least two of principal Ricci cur-
vatures coincide.
• G is ϕ-Einstein.
Remark 3. In our previous works [7], [8], [10], we studied pseudo-symmetry
of contact 3-manifolds. In particular it is shown that a non-unimodular Lie
group G is pseudo-symmetric if and only if γ = 0 [10]. In [13], 3-dimensional
pseudo-symmetric Lie groups are investigated. In [6], 3-dimensional pseudo-
symmetric real hypersurfaces in complex space forms are investigated.
5.3. The generalised Tanaka-Webster connection ∇ˆ of a non-unimodular
Lie group G is computed as follows.
∇ˆe1e1 = ∇ˆe1e2 = ∇ˆe1e3 = 0,
∇ˆe2e1 = −αe2, ∇ˆe2e2 = αe1, ∇ˆe2e3 = 0,
∇ˆe3e1 = −
1
2
γe2, ∇ˆe3e2 =
1
2
γe1, ∇ˆe3e3 = 0.
The curvature Rˆ of ∇ˆ is given by
Rˆ(e1, e2)e1 = (α2 + γ2)e2, Rˆ(e1, e2)e2 = −(α2 + γ2)e1,
Rˆ(e1, e3)e1 = αγe2, Rˆ(e1, e3)e2 = −αγe1,
Rˆ(e2, e3)e1 = 0, Rˆ(e2, e3)e2 = αγe2.
Hence
Hˆ = Kˆ12 = −α2 − γ, Kˆ13 = Kˆ23 = 0.
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Proposition 15. The pseudohermitian curvature of a non-unimodular Lie
group G is Hˆ = −α2 − γ.
Proposition 16. The pseudo-Ricci tensor field of a non-unimodular Lie
group G is given by
ρˆJ11 = ρˆ
J
22 = Hˆ = −α2 − γ2, ρˆJ12 = ρˆJ21 = 0.
Hence G is pseudo-Einstein.
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